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Abstract

Mathematical models of aperiodic materials – quasicrystals – lead to fascinating problems in spec-
tral theory that can test the limits of conventional approaches to eigenvalue computation. Qua-
sicrystals are exotic objects that were discovered in the 1980s by Dan Schechtman, who was recog-
nized with the 2011 Nobel Prize in Chemistry.
The periodic structure of conventional crystals gives rise to Schrödinger operators whose spectra
consist of the union of real intervals, which are neatly characterized by Floquet–Bloch theory. At
the other extreme, disordered materials lead to random Schrödinger operators that typically have
eigenvectors whose entries exponentially decay from some central site (“Anderson localization”).
Sitting between these extremes, quasicrystal models are deterministic but not periodic, and the
associated self-adjoint linear operators often exhibit intriguing spectral structure. For example,
the spectrum can be a zero-measure Cantor set (a closed set that contains its limit points but no
intervals). How can one approach such problems using tools from numerical linear algebra?
In this talk we will survey several problems that arise in the computational study of quasicrystals,
highlighting the motivating questions, describing algorithmic approaches, and showing numerical
results, based on [2, 3, 4, 7]. We focus on three general problems.

• Approximating the spectrum of the Fibonacci Hamiltonian. The most carefully studied qua-
sicrystal model is the Fibonacci Hamiltonian H : ℓ2(Z) → ℓ2(Z), defined for each site k ∈ Z
by the difference equation

(Hx)k = xk−1 + Vk xk + xk+1, Vk =

{
0, kα mod 1 ∈ [0, 1− α);

λ, kα mod 1 ∈ [1− α, 1);

for the irrational α = (
√
5−1)/2 = 0.6180 . . . (the reciprocal of the golden ratio); see [4, 5] for

summaries of key results. In 1987, Sütő [8] proved that the spectrum is a zero-measure Cantor
set for all λ > 0, which one can approximate by replacing α with rational approximations given
by the ratio of successive Fibonacci numbers. With such approximations the potential {Vk}
becomes periodic, and the resulting spectrum follows from Floquet–Bloch theory. Specifically,
if {Vk} has period p, then the spectrum of H is the union of p real intervals whose end points
are eigenvalues of two p× p symmetric tridiagonal matrices plus corner entries:

J
(p)
± =



V1 1 ±1
1 V2 1

1 V3
. . .

. . . . . . 1
±1 1 Vp


.

To study the Cantor spectrum of the Fibonacci Hamiltonian demands approximations with
very large period p, giving intervals so narrow that the computed eigenvalues of J (p)

+ and J
(p)
−

can violate their theoretical ordering properties. For this reason we propose these examples
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as physically-motivated test matrices for symmetric eigensolvers. (Indeed, these models can
exhibit similar behavior to Wilkinson’s famous W+

21 example [9, p. 309].)
We will describe the numerical linear algebra challenges associated with the approximation
of the Cantor spectrum of the Fibonacci model and several other aperiodic models derived
from substitution rules (period-doubling and Thue–Morse) [7].

• Quantities derived from Cantor spectra.
The computation of the spectrum is often the first step in a more elaboate process. For ex-
ample, one can gain physical insight from the fractal (box-counting and Hausdorff) dimension
of the spectrum of the Schrödinger operator. How can one use estimates to the spectrum to
approximate these quantities? Simple two- and three-dimensional quasicrystal models follow
from coupling one-dimensional models on a square or cubic lattice. The resulting spectra
are now sums of Cantor sets, which could potentially be intervals, Cantor sets, or more ex-
otic sets called Canvorvals. We will discuss computational approaches and obstacles for such
problems [2, 4, 7], using the perspective of the Solvability Complexity Index [1].

• Locally supported eigenvectors of the graph Laplacian for Penrose tilings.
A different class of two-dimension quasicrystal models derive their structure from aperiodic
tilings of the plane, such as the Penrose or Ammann–Beenker constructions. From a finite
section of such tiling we construct a graph, and then study spectral properties of the associated
graph Laplacian. Generalizing work from the physics literature [6], we show that a variety of
Penrose models exhibit eigenvectors that are nonzero only on a small (repeating) pattern of
tiles, and thus arise with high algebraic multiplicity. We illustrate these configurations, and
discuss some associated numerical challenges (finding sparse bases for the invariant subspaces,
predicting eigenvalue multiplicity as the tiling grows, identifying gaps in the spectrum) [2, 3].
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