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Abstract

Algebraic Riccati equations (AREs) arise in various models related to control theory, especially
in linear-quadratic optimal control design. The deterministic/classical ones are considered for
the deterministic linear time-invariant systems, including discrete-time algebraic Riccati equations
(DARES)

X=ATXA+Q - (A"XB+ L)(R+B*XB)"'(BTXA+ L"),

and continuous-time algebraic Riccati equations (CARESs)
ATX 4+ XA+Q - (XB+ L) R'(BTX +LT) =0.

During many years, people have developed rich theoretical results and numerical methods for the
DAREs and CAREs. See [22, 21, 18, 3, 16, 2] to obtain an overview for both theories and algorithms.

In comparison, the stochastic/rational ones are considered for the stochastic linear time-invariant
systems, including stochastic discrete-time algebraic Riccati equations (SDAREs)
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and stochastic continuous-time algebraic Riccati equations (SCAREs)
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Here r — 1 is the number of stochastic processes involved in the stochastic systems dealt with, and
it is easy to check that for the case r = 1 SDAREs and SCARESs degenerate to DAREs and CAREs
respectively. Due to the complicated forms, we may recognize it would be much more difficult
to analyze their properties and obtain their solutions. There are still literature, e.g., [6, 7, 8],
discussing the stochastic linear systems and the induced stochastic AREs.

As we can see, the stochastic AREs are still algebraic, and it is quite natural to ask whether
algebraic methods could be developed to solve them. However, limited by lack of clear algebraic
structures, to the best of the authors’ knowledge, nearly all of the existing algorithms are based
on the differentiability or continuity of the equations, such as Newton’s method [6, 5], modified
Newton’s method [12, 19, 4], Lyapunov/Stein iterations [9, 20, 24], comparison theorem based
method [10, 11], LMI’s (linear matrix inequality) method [23, 17], and homotopy method [25].



The key to the problem is the algebraic structures behind the equations. In this talk, we will build
up a simple and clear algebraic interpretation of SDAREs and SCAREs with the help of the so-
called left semi-tensor product. In the analysis we find out the Toeplitz structure and the symplectic
structure appearing in the equations, and illustrate the fact that the fixed point iteration and the
doubling iteration are also valid for them. The algebraic structures found here will shed light on
the theoretical analysis and numerical algorithms design, and strongly imply that stochastic AREs
are almost as easy as deterministic ones.

As an example, we show how to propose a RADI-type method for large-scale stochastic continuous-
time algebraic Riccati equations with sparse and low-rank matrices (A; are large-scale and sparse,
and B; and Q — LR™'LT are low-rank), based on revealed algebraic structure and motivated by
the relation illustrated in [13] between the algebraic structure and the efficient RADI method [1]
for CAREs. Unlike many existing methods for large-scale problems such as Newton-type methods
and homotopy method, it calculates the residual at a low cost and does not require a stabilizing
initial approximation, which can often be challenging to find. Numerical experiments are provided
to demonstrate its efficiency.

This talk is based on [13, 14, 15].
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