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Abstract

Based on structured matrix techniques, we propose new numerical algorithms to generate a se-
quence {S0(x), S1(x), . . . , SK−1(x)} of Sobolev orthogonal polynomials (SOPs). In this sequence,
the polynomial Sk(x) of degree k satisfies orthogonality conditions with respect to a Sobolev inner
product (., .), namely

(Sk, Sℓ)

{
= 0 if k ̸= ℓ,
̸= 0 if k = ℓ.

A Sobolev inner product is a linear functional where the functions themselves and their derivatives,
up to order M , appear with (possibly different) weight functions wm(x), i.e.,

(p, q) =
M∑

m=0

∫
Ω
p(m)(x)q(m)(x)wm(x)dx.

Sobolev orthogonal polynomials were first studied in approximation theory, when solving interpo-
lation problems where values of the function and its derivatives are known [1]. The study of their
analytical properties, e.g., the behavior of zeros, is an active area of research [4]. Moreover, since
the weak form of differential equations gives rise to a Sobolev inner product, SOPs can be used to
develop spectral methods [2]. The generation of sequences of SOPs is central to these applications.

Main problem:
Given a Sobolev inner product (., .), generate the sequence {S0(x), S1(x), . . . , SK−1(x)} such that

• Sk(x) is a polynomial of exact degree k,

• (Sk, Sℓ) = 0, for k ̸= ℓ, and (Sk, Sℓ) ̸= 0, for k = ℓ.

Our proposed algorithms can be used for general Sobolev inner products, in this presentation we
focus on a particular, interesting family of SOPs. Gegenbauer-Sobolev polynomials are orthogonal
with respect to the continuous Sobolev inner product

(p, q)µ =

∫ 1

−1
p(x)q(x)(1− x2)µdx+ λ

∫ 1

−1
p′(x)q′(x)(1− x2)µdx.

A finite sequence of SOPs {S0(x), S1(x), . . . , SK−1(x)} is also orthogonal to a discrete Sobolev
inner product. For Gegenbauer-Sobolev polynomials this discrete inner product can be obtained
by applying the Gauss-Jacobi quadrature rule with weights {αn}Kn=1 and nodes {xn}Kn=1 to (., .)µ:

(Sk, Sℓ)µ ≈ ⟨Sk, Sℓ⟩µ =
K∑

n=1

αnSk(xn)Sℓ(xn) + λ
K∑

n=1

αnS
′
k(xn)S

′
ℓ(xn).

For ⟨., .⟩µ, a Hessenberg matrix HK of size K ×K represents the recurrence relation of the SOPs,

x
[
S0(x) S1(x) S2(x) . . . SK−1(x)

]
=

[
S0(x) S1(x) S2(x) . . . SK−1(x)

]
HK .

We show that the matrix HK can be computed by solving the following inverse eigenvalue prob-
lem [5], where HK appears as the K ×K leading principal submatrix of the solution H̃.
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Inverse eigenvalue problem:
Given a discrete Sobolev inner product ⟨., .⟩, construct the 2K × 2K matrices H̃, Q̃ such that

• H̃ is a Hessenberg matrix and Q̃ is unitary, Q̃∗Q̃ = I.

• The first entries of the unitary matrix Q̃ are determined by the weights {αn}Kn=1 in the discrete
inner product, i.e., Q̃e1 = w/∥w∥2, where the vector w contains the weights αn.

• The matrix H̃ satisfies the decomposition H̃ = Q̃∗JQ̃, for a Jordan-like matrix J determined
by the nodes {xn}Kn=1 and their multiplicity, as they appear in the discrete inner product.

For the Gegenbauer-Sobolev polynomials, the vector of weights w and Jordan-like matrix J are

w =


0√
α1
...
0√
αK

 and J =


x1

√
λ

x1
. . .

xK
√
λ

xK

 .

Thanks to this reformulation as a Hessenberg inverse eigenvalue problem, we can use structured
matrix techniques to compute HK . Our proposed numerical algorithm is based on plane rotations
and constructs HK by employing unitary similarity transformations to the Jordan-like matrix J .
It does not require the storage of the whole matrix Qk, only its first column and is, therefore, more
efficient than the state-of-the-art algorithms [3]. Under mild assumptions on the Sobolev inner
product, our numerical algorithm can be applied to any sequence of SOPs.
For certain families of SOPs, specialized algorithms can be developed that exploit their properties.
For Gegenbauer-Sobolev polynomials we exploit the fact that the Gegenbauer measure forms a
symmetrical coherent pair with itself and use properties of (classical) Gegenbauer polynomials to
obtain a factorization of HK as the product of three structured matrices. The entries of all three
matrices are given analytically by closed form expressions, which could reduce the accumulation of
rounding error in HK . We discuss numerical experiments in which we compare the general purpose,
specialized, and state-of-the-art algorithms [3] for Gegenbauer-Sobolev polynomials.
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